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Abstract 



Generalized are the investigated in other works of the author transports 
along paths in fibre bundles to transports along arbitrary maps in them. 
Their structure and some properties are studied. Special attention is paid 
on the linear case and on the one when map's domain is a Cartesian product 
of two sets. There are considered the consistency with bundle morphisms 
and a number of special cases. 



1 Introduction 



In previous papers (see, e.g., [?, ?]) we have studied the transports along 
paths in fibre bundles. In them is not always essential the fact that the 
transports are along paths. This suggests a way of generalizing these inves- 
tigations which is the subject of the present work. 

Sect. | gives and discusses the basic definition of transports along maps 
in fibre bundles. Sect. || studies in details the case when the map's domain 
is a Cartesian product of two sets. Here presented are certain examples too. 
Sect. U is devoted to linear transports along maps in vector bundles. Partial 
derivations along maps are introduced as well as the general concepts of cur- 
vature and torsion. It is pointed out how a number of the already obtained 
results concerning linear transports along paths, can mutatis mutandis be 
transferred in the investigated here general case Sect. || investigated, in 
analogy with [?], the consistency (compatibility) of transports along maps 
in fibre bundles with bundle morphisms between them. Sect. |6| closes the 
paper with a discussion of different problems: An interpretation is given 
of the obtained in Sect. ||| decomposition of transports along maps whose 
domain is a Cartesian product of two sets. A scheme is proposed for per- 
forming operations with elements of different fibres of a bundle as well as 
with its sections. It is proved that the Hermitian metrics on a differentiable 
manifold are in one to one correspondence with the transports along the 
identity map in an appropriate tensor bundle over it. At the end, some 
remarks concerning tensor densities are discussed. 

2 The basic definition. 

Special cases and discussion 

The fact that 7 is a path in definition 2.1 of [?] for a transport along paths 
in fibre bundles is insignificant from a logical view-point. This observation, 
as well as other reasons, leads to the following generalization. 

Let (E,ir,B) be a topological fibre bundle with base B, total space E, 
projection ir : E — > B, and homeomorphic fibres 7r -1 (x), x G B. Let the set 
./V be not empty (N 7^ 0) and there be given a map *c : N — > B. By idu is 
denoted the identity map of the set M. 

Definition 2.1 A transport along maps in the fibre bundle (E,ir,B) is a 
map K assigning to any map x : N — > B a map K* } transport along ?c, 
such that K* : (l,m) 1— > , where for every l,m G N the map 

: 7r~V(0) ^~V(™)), (2-1) 
called transport along x from I to m, satisfies the equalities: 

K^ n oK^ m = KfUn, l,m,n€N, (2.2) 
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= idn-^i)), leN. (2.3) 

The formal analogy of this definition with definition 2.1 of [?] is evident. 
In particular, if x is a path in B, i.e. if N is an R-interval, the former 
definition reduces to the latter. The two definitions coincide also in the 
'flat' case when N = B and x = ids- In fact, in this case lj_+ t ■= K^A ,^ 
for a path 7 : J — > B, J being an M-interval, s,t G J, defines a transport 
along paths in (E, it, B) which depends only on the points 7(s) and ^(t) but 
not on the path 7 itself. On the opposite, if J is a transport along paths 
having the last property, then K*',^ , f ~. := Tj-*t * s a transport along the 
identity map of B in (E, ir, B). By [?, theorem 6.1] the so defined transports 
along paths are flat, i.e. their curvature vanishes in the case when they are 
linear and (E, tt, B) is a vector bundle. Due to these facts, we call the 
transports along the identity map flat transports. 

The general form of a transport along maps is given by 

Theorem 2.1 Let x : N -> B. The map If : x 1— > K* : (l,m) h-> K^ m , 
l,m G N is a transport along x if and only if there exist a set Q and a family 
of one-to-one maps {F* : TT~ l {>c{n)) — > Q, n G N} such that 

K?_ m = (FZy 1 o(Fn, l,meN. (2.4) 

The maps F* are defined up to a left composition with 1:1 map depending 
only on x, i.e. ( $-4 ) holds for given families of maps {F* : i:~ l {x(n)) — > 
Q, neN} and {F* : tt" 1 ^)) ^'Q, neN} 

for some sets Q and 'Q iff there is 1:1 map D* : Q Q such that 

F« = D" o F», neN. (2.5) 

Proof. This theorem is a trivial corollary of lemmas 3.1 and 3.2 of [?] for 
Q n = TT- l {x{n)), neN and i^_> m = K^ m , l,m G N.M 

The formal analogy is evident between transports along maps and the 



ones along paths. The causes for this are definition ^lj of this work and [?, 
definition 2.1], as well as theorem |2,1| of the present work and [?, theo- 
rem 3.1]. Due to this almost all results concerning transports along paths 
are valid mutatis mutandis for transports along maps. Exceptions are the 
results which use explicitly the fact that a path is a map from a real interval 
to a certain set, viz. in which special properties of the M-intervals, such as 
ordering, the Abelian structure (the operation addition) an so on, are used. 
This transferring of results can formally be done by substituting the symbols 
k for 7, N for J, K for I, l,m,n G N for r, s, t G J, and the word map(s) 
for the word path(s). 

For example, definition 2.2, proposition 2.1 and example 2.1 of [?] now 
read: 
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Definition 2.2 The section a £ Sec(E,ir,B) undergoes a (K-)transport or 
is (K-)transported (resp. along h : N — > B) if the equality 

(7(*M) = K^ m o-(x(l)), l,m€N (2.6) 

holds for every (resp. the given) map >c : N — > B. 



Proposition 2.1 // (2.C ) holds for a fixed I £ N, then it is valid for every 
I £ N. 



Example 2.1 If (E,ir, B) has a foliation structure {K a ; a £ ^4}, then the 
lifting H u : N — > E of x : N —* B through u £ E given by 

H U {1) :=7T-\x(l))f]K a{u) , 

where K a r u ) 3 u , defines a transport K along maps through 

K{l^ m (u) :=Jc u (m), u £ 7r _1 (>f(Z)), l,m£N. 

On the transports along maps additional restrictions can be imposed, 
such as (cf. [?, Sect. 2.2 and 2.3]): 

• the locality condition: 

K^=K^ m , l,meN'czN; (2.7) 

• the 'reparametrization invariance' condition: 

K?Zn = *t(0-tM > for 1 : 1 map r : N" — > N , l,m £ iV"; (2.8) 

• the consistency with a bundle binary operation j3 : x — > /3 X , x £ B 
(e.g. a metric, i.e. a scalar product): 

= P„( m ) o (K^ m x K?_>J (2.9) 
for /3 X : vr" 1 ^) x vr" 1 ^) — >■ M, x £ B, M being a set, e.g. M = R, C; 

• the consistency with the vector structure of a complex (or real) vector 
bundle: 

K^ m (Xu + nv) = XK^ m u + nK^ m v, A,/x G C (or R), u,v £ vr" 1 (x(i))- 

(2.10) 

The last condition defines the set of linear transports along maps. 

Examples of results that do not have analogs in our general case are 
propositions 2.3, 3.3, and 3.4 of [?]. But the all definitions and results of 
Sect. 4 and Sect. 5 of [?] have analogs in this case. They can be obtained 
by making the above-pointed substitutions. 
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3 The composite case 



Of special interest are transports along maps whose domain has a structure 
of a Cartesian product, i.e. maps like k : N — > B with N = A x M, 
A and M being not empty sets. In this section, transports KV x \u b y \ 
along rj : A x M — > B are considered and their general form is found. 
Here and below a,b,c £ A and x,y,z G M. By i](-,x) : A — > and 
7/(a, ■) : M — ► B are denoted, respectively, the maps r)(-, x) : a i— > 77(0, x) and 
7y(a, •) :ih r/(a, x). 

Applying (EO), we get 



(a,x)^(b,y) (a,y)^(b,y) (a,x)-+(a,y) (b,x)^(b,y) (a,x)-*[b,x) V 



Using we see that := #J, ia . H(M) and := 

^(a,x)^(a,j/) satis fy (pTlD— (pT^) with, respectively, k = rj, K = X K, I = a 
m = b, and n = c and x = r/, K = a K, I = x, m = y, and n = z. Con 
sequently, a transport along 7/ decomposes to a composition of two (com 



muting) maps satisfying fl2.1|) -( |2l3| ). Note that if the locality condition (2.7) 
holds, then these maps are simply the transports along r](-,x) and rj(a, •). 
So, applying lemma 3.1 of [?], we find 

^MM) = (X) 1 o TO) , = ^ o («G2) , (3.2) 

where ^ff^ : 7r _1 (r/(a, x)) — > and "G^ : 7r _1 (?7(a, a;)) — > Qg are 1:1 maps 
on some sets Qh and respectively. (The maps X H2 and "G^ are defined 
up to a left composition with 1:1 maps depending on the pairs x and 7/ and 
a and 77 respectively - see [?, lemma 3.2].) 
The substitution of ( ^% ) into fl3,l| ) yields 

(3.3) 



K (a,x)-*(b,y) = W^W) ^ 1 "^) 



Separating the terms depending on x and y in the second equality, we see 
that there exist one-to-one maps : Qg - * Qg which are independent 

of x and such that 

G2) o (X)" 1 o TO) o C^)- 1 = C%. (3.4) 

It is trivial to check the equalities C^-^ = Cc_> b oC2-> c and Ca-^a = idQ G - 
Hence, by [?, lemma 3.1], we have C2_> b = (C b ) 1 oC2 with certain 1:1 maps 
C2 '■ Qg —* Qc (defined up to a left composition with a map depending 
only on 77 [?, lemma 3.2]) on some set Qc ■ The substitution of this result 



into (3^4) and the separation of the terms depending on a and b, shows the 



existence of 1:1 map Dx : Qh — > Qc depending on r] and x, for which 

TO) o To)" 1 o (C2T l = mr x . (3.5) 
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Hereout 

-HZ = {DIY 1 o C2 o ("G^) or ^ = {C2)- 1 o o ( X H%) . (3.6) 
Substituting ([O]) into ([T^), we finally, in accordance with (|2.4j) , get 



(o,a!)-+(6,j/) 



(b,y) ) (a,x) 



(3.7) 



with 



F (a,x) = <% TO) = D l ( XR 2) ■■ *-HvM) - QC (3-8) 

As we noted above, the maps °G%, X H%, and C2 are defined up to the 



changes 

°Gl a P<3 TO) > x H2^ x P%o(*H2), (3.9) 
and Cj? -» P£oC2, respectively, where °Jg ■ Qg ^ Qg, x Ph • Qh ^ 
Qh-i Pq '■ Qc — * Qc are 1 ; 1 mappings. The transformation concerning Ca 
is valid if C^ fe is defined independently. But this is not our case. Due 
to Q the changes Q imply C v a ^ b -> 6 P^ o C^ fe o ( a fg) _1 . To describe 
this transformation through Ca we must have 

nr 1 - 



ca 



(3.10) 



D'l. 



Pi o ^ o (*P») 



From ( |3.5D it is easy to verify that the transformations ( |3.9[ ) and ( 3.10| ) imply 

(3.11) 

(3.12) 



At the end, according to (ET3), all this leads to the change 



(a,x) 



C (a,x) ' 



as should be by (|2.5|) . 

Together ( |3.9| )-( |3~7L2| ) form the set of transformations under which our 
theory is invariant. 

Thus we have proved 

Proposition 3.1 The set of maps {if? , >} forms a transport along 
7] : A x M — > B iff \3. % ) and (jS-Sj) are valid for some 1:1 maps shown on 
the commutative diagram 



vr 1 (n(a,x)) 



XTTT] 



Q 




(3.13) 



D5 
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that are defined up to the transformations given by (S.i )-(3.1i). 



Remark. In fact X H2 and °G X determine the 'restricted' transports 
K? x \_>/ b x \ an d if? aj , , i through ( |3.2| ). In the case when the locality 
condition fl2.7| ) holds for x = rj, they are equal, respectively, to the transports 
K^iS and Kx-*y along the restricted maps n(-,x) and rj(a,-). Note also 
that if Qg, Qh-, and Qc are regarded as different typical fibres of (E, tt, B), 
then the shown maps represent different ways for mapping a concrete fibre on 
them. This interpretation is more natural if, one puts Qg = Qh = Qc = Q-, 
Q being the typical fibre of (E, tt, B) . This is possible due to the arbitrariness 
in ml and C2- 

Example 3.1 Now we shall prove that the considered in [?] transport in 
a family of (vector) bundles {£ a : £ a = (E a ,TT a , M), a £ A} over one 
and the same base (manifold) M defined by the maps a,b I x -> y : tt^ 1 (x) — > 
^(y), such that h '%-+ z o a ' b I x ^ y = a > c I x ^ z and a > a I x ^ x = id^-i^y is a 
(Eat) transport along the identity map of the base of a suitably chosen fibre 
bundle. 

A given family {(E a , n a , M), a G A} of fibre bundles over one and the 
same base is equivalent to some fibre bundle (E, tt,AxM) over the composite 
base A x M. In fact, if {(E a , ir a , M), a G A} is given, we construct the fibre 
bundle (E, tt, A x M) by putting 

E=\jE a , tt:E^AxM, tt(u) = (a u , vr at »), 

a<EA 

where u G E and a u is the unique a u G A for which E Uu 3 u. Conversely, if 
(E,tt,A x M) is given, we can construct {(E a , TT a , M), a G A} through 

E a = [J vr _1 (a,x), ir a : E a -> M, ir a (u) = x u , 

where a £ A, u G E a , and x u is the unique x u G M for which vr _1 (a, x u ) 9 
u. 

Now it is trivial to check that the above-dehned transports are a,b I x ^ y = 
K^wj y y i.e. they are equivalent to the (flat) transport along the identity 
map id Ax M : A x M —> A x M in (E,tt, A x M). 

Example 3.2 The described in the previous example general construction 
can be specified in the case of a Eat transport in the Ebre bundle of tensors 
of a Exed rank fceNU {0} over a differentiate manifold M as follows. 

Let A r = {(p,q) : p, q G N U {0}, p + q = r} and T$\ x (M), 
{Pi q) £ A r be the tensor space of type (p, q) over x G M . The ten- 
sor bundle of type (p,q) is := (Zf(M), TT (m) , M) with T$(M) : = 
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IUm t q\x ( M ) and Hp^i 1 



for u G Tq\ x (M), x being the unique 



x G M for which T$\ x (M) 3 u. The tensor bundle (T r (M) , 7r r , A r x M) 
of rank r is constructed by the above scheme: T r (M) := (J^, l9 )eA r 1q(M) = 
Up+^rUeA/ I? L ( M ) and vr r (u) = ((p,g),x) for u G T r (M) with (p,tf) G 
A r andx G M being defined by T%\ X (M) B u. So n~ l ((p, q) , x) = ^Jx) = 
Tq\ x (M). Then the desired transport along id A r xM is described by the maps 

r C?i')-((p",5")y)' P' + q' = P" + V" = r, x', x" G M satisfying the rela- 
tions: 



((p'.go.so-KCP".?")^") ' ?' 



(M) 



V 



(M) 5 



((p",?"),a:")- > (0"'.9"')^"') ((p',ff')>^')-»((p">a").a;") 



((p',ff') ! a:')- > ((p'".3'")! a; '")' 



p' + g' 



irfA r x M 

((p',g')^')^((p',9')^') " 
/// 



id 



T p ,\ ,(M)' 



p" + q" 



p"' + 



x'x"x'" G M. 



Example 3.3 Every transport along x" : M — » M' in a bundle {Eq,ttq, M') 
induces a transport along x V for d : A — > A' in any bundle (E, tt, A' x 
M') for which the fibres TT^ 1 (a',x') are homeomorphic to 7r _1 (y / ) for any 



a' G A' and x', y' G M'. In fact, by example 3.1, (E, tt, A' x M') is equivalent 
to the family = (E a > , vr a , , M'), a' G A'} with £? B / = \J x 'eM' ^V, x') 
and 7r a '{u) = x' for u G n~ 1 (a',x'). As the fibres of all the introduced fibre 
bundles are homeomorphic there are fibre morphisms (h a i,idM') from £ a i on 
£o; i-e. h a t : E a i — ► £"o and 7r a ' = ttq o h a /, a' G A'. Then it is easy to verify 
that the maps 

-i 



(o,a;)->(6 ) y) 



^^'(6)| 7r -i(V(6) )3 <"(y)) 



define a transport along V x V in (22, 7r, A' x M'). 



Example 3.4 This example is analogous to example 3.2 and is obtained 
from it by replacing p and q by integer functions over M. 
Let f,g : M -» N U {0}, / + 3 = reNU {0}, and 

:= C T /( M )' ^ M ) > r i/( M ) : = U r /Sl ( M ) and : = * 



for u G T 



g( x ) 



(M). The transports along maps in the so defined fibre 

bundle preserve the tensor's rank, but, generally, they change the tensor's 
type. 
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4 Linear transports along maps 



In this section £ := (E,n,B) is supposed to be a complex (or real) vector 
bundle. 

As we said above, a linear transport (or L-transport) along maps in 
a vector bundle is one satisfying eq. ( 2.10[ ). For these transports mutatis 



mutandis valid are almost all definitions and results concerning linear trans- 
ports along paths in (vector) fibre bundles [?, ?, ?, ?]. This is true for the 
cases in which the fact that a path is a map from a real interval into some 
set is not explicitly used. In particular, by replacing the path 7 : J — > B 
and the linear transport along paths L^ t , s,t G J with, respectively, a 
map >t : N — > B and a linear transport along maps L*_^ m , l,m G N, one 
obtains a valid version of sections 2 and 3 of [?], section 3 to proposition 
3.3 and section 5 to proposition 5.3 of [?], and sections 1, 2, and 4 of [?]. 
The other parts of these works, as well as [?], deal more or less with explicit 
properties of the real interval J, mainly via the differentiation along paths 
Z? 7 (or T>]) [?]. These exceptional definitions and results can, if possible, be 
generalized as follows. 

Let N be a neighborhood in R fc , k G N, e.g. one may take N = J x • • • x J 
(fc-times), J being a real interval. So, any I € N has a form I = (I 1 , . . . , l k ) G 
R fe . We put e a := (0, . . . , 0, e, 0, . . . , 0) G R k where s G R stands in the a-th 
position, 1 < a < k. 

Let Sec p (£) (resp. Sec(£)) be the set of C p (resp. all) sections over £ and 
^i-*m, ^ e a C l (on /) linear transport along x : N — > B. Now definition 4.1 
from [?] is replaced by 

Definition 4.1 The a-th, 1 < a < k partial derivation along maps gener- 
ated by L is a TfiQ/p a TD '. k 1 — > qT^^ where the a-th (partialj devivdtioTi along 
x (generated by L) a T>^ is a map 



^ : Sec 1 (eU(N)J -Sec(£l*(N)J (4-1 
defined for a G Sec 1 (£U(N)) by 

( a Va) (x(0) := lim 



\{Lr^aW + e?))-aW))) 



(4.2) 



The (partial) a-th derivative of a along k with respect to L is ^D^cr. Its 
value at x(l) is given by the operator 



^Sec^OcwJ-^MO) (4-3) 
by V*o-:=( a T>*o-)(x(l)). 
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Evidently, for k = 1 this definition reduces to definition 4.1 of [?]. 

On the basis of the above definition, almost all of the above-mentioned 
exceptional definitions and results can be modified by replacing in them 
7 : J -> B, L]_, t , V, and V], respectively with x : N -> 5, L^ m , a P x , 
and a I'm . Below we sketch some results in this field. 

A corollary of Q, Q, and (gj) is 

Proposition 4.1 XTie operators a T>* are (C-)linear and 



T>~ a o L 



Z— >m 



0. 



(4.4) 



If {ej} is a field of bases on x(N), i.e. {ej(n)} is a basis in 7r 1 (x(n)), 
n £ N, then in it the L-transport L along maps is described by the matrix 



H(m, I; x) 



H 3 i {m,l; x) , n := dimc(vr which is defined by 



L*_^ m ei{l) =: HAm,l; x)ej(m). A simple calculation of the limit in (4.2) 
verifies 



Proposition 4.2 If a £ Sec 1 (£U(N))> ^ en 



dl a 



+ a r*,(Z;x)oJ(x(Z)) 



(4.5) 



where the components of L are defined by 



dWJl, m; . 



dm a 

The components of L satisfy 



dWAmJ; 



m=l 



( r> 



9m a 



(4.6) 



m=l 



and form matrices a r^(/) := a r 4 (/;x) 



1, 



(4.7) 

, fc which under 



the transformation e,-(Z) i— > e'-(Z) = >l*-(Z)ej(Z) change to 







a rUi) = a-\i) (jyz)) ^(0 + a- 1 (/)^a(z) 



(4.8) 



with A{1) := Aj(l) , which is a simple corollary of (4.7). Hence, the differ- 
ence of the matrices a r^. of two L-transports along one and the same map 
behaves like a tensor of type (1,1) under a transformation of the bases. 

On the above background one can mutatis mutandis reformulate the 
remaining part of Sect. 4 of [?]. In particular, in this way is established the 
equivalence of the sets of L-transports along maps x : N — » B, NCI* and 
the one of partial derivations along maps. Sect. 6 and the rest of Sect. 3 and 
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Sect. 5 of [?] can be modified analogously, only in the last case the tangent 
vector field 7 to 7 : J — > M has to be replaced with the set of tangent 
vectors {k a } to x, k a (l) := (^Jp) • 

The introduction of torsion and curvature needs more details which will 
be presented below. 

Let M be a differentiate manifold and there be given a C 1 map 77 : 
TV x iV 7 — > ikf , with iV being a neig hborhood in M fc and N' - in R fc ', k, k! E N. 
Let rj(-,m) : I \— > rj(l,m), T](l,-) : m >— > rj(l,m) for (l,m) £ N x N'. Let 
r]' a (-,m), and r/^'(i, •), / £ iV, m E iV', a = 1, . . . , fc, 6 = 1, . . . , fc' be the 
tangent vector fields to n(-,m) and 7/(7, •), respectively. 

Definition 4.2 T/ie torsion operators of an L-transport along maps in the 
tangent bundle (T(M),ir,M) are maps T a>b : rj \-> 7% b : N X TV' -> T(M) 
which for (I, m) £ N x N' are given by 

T a l(l,m) := V^ m \l{-,m) - V^\' a {l, •) E T^ m) (M). (4.9) 

Similarly, for rj : N x N' ^ B, B being the base of a vector bundle 
(.E, 7T, 73), we have 

Definition 4.3 T/ie curvature operators of an L-transport along maps in 
(E, 7T, B) are maps 

T^a,b ■ V ^ T^\ h ■ (I, m) 1 — * ft£ 6 (Z, m) : Sec 2 (£, tt, 73) -> Sec(73, tt, 73) 
defined for (l,m) E TV X TV' by 

Kl b (l,m) := a P"(-' m ) OfeD^-') - pflQ,-) o a V^' m \ (4.10) 

The further treatment of curvature and torsion can be done by the same 
methods as in [?, ?] (cf. [?, Sect. 8]). 

In the composite case there arises a kind of 'restricted' partial derivation 
along maps generated by L-transports along maps. 

Let JV = ixM with M being a neighborhood in W k for some k £ N. 



In this case instead of definition 4.1, we have 



Definition 4.4 The a-th, 1 < a < k, partial derivative of type (5, (3 E A 
along the map >c : Ax M — > B generated by an L-transport L along maps 
in a vector bundle £ = (E, tt, B) is a map %D : x 1— > ^D^ , where 

aP" ■■ Sec 1 (eUxAn) - Sec ( £L AxM ,) (4.11) 



>c(A x Ad) 

is the partial derivation along >t (generated by L) which is defined by the 
equation 

(Va)Wa,*)) := lim 1 (l^^^^g^x + e a )) - 



(4.12) 
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for a G Sec 1 (^£\k(AxM)) an( ^ ( a i x ) £ ^4 x M. The a-th (partial) derivative 

(of type (3) of a along x with respect of L is ^D^a. Its value at x(a,x) is 
given by the operator 

fy(a^) ■ Secl U\*Uxm) "> ^ V(A *)) (4-13) 



by a s(j := (^D^a) x(a,x), with x a being the a-th component of x G 



M C R k . 

For A = this definition reduces to definition [O . 

Notice that the operator S'^Vy used in [?, eq. (7.14)] is a special case 

of viz. h^vi* 7 )) ( a > x ) = E<^ (,^ i<iM ff) (o,x) for i = l,...,dimM, 
a,i) £ A, x € M, M being a differentiable manifold and V being a vector 
field on M with local components V 1 . 

Now the corresponding results from [?, ?, ?, ?] can be modified step 



by step on the basis of definition 4.4 in the above-described way, where 



definition 4.1 was used. 



5 Consistency with bundle morphisms 

The work [?] investigates problems concerning the consistency of transports 
along paths in fibre bundles and bundle morphisms between them. A critical 
reading of this paper reveals the insignificance of the fact that the transports 
in it are along paths; nowhere there is the fact used that the path 7 is a 
map from a real interval J into the base B of some fibre bundle. For this 
reason all of the work [?] is valid mutatis mutandis for arbitrary transports 
along maps; one has simply to replace the transports along paths, like l]^ t , 
7 : J — > B, s, t G J, with transports along arbitrary maps, like K[\ m , 
h : N — > B, l,m G N. Below are stated mutatis mutandis only some 
definitions and results from [?]. There proofs are omitted as they can easily 
be obtained from the corresponding ones in [?] . 

Let there be given two fibre bundles ^ := (E^-n^Bf,), h = 1,2 in 
which defined are, respectively, the transports along maps K and 2 K. Let 
(F, f) be a bundle morphism from ^ into £21 i- e - F : Ei ^ E 2 , f : B\ — ► 
B 2 and vr 2 o F = f o tti [?] . Let F x := F\ v -i,* for x G B x and k : N -> B x 
be an arbitrary map in B\. 

Definition 5.1 The bundle morphism (F, f) and the pair ( K, 2 K) of trans- 
ports, or the transports K and 2 K, along maps are consistent (resp. along 
the map h) if they commute in a sense that the equality 

F„ (m) o 1 K?_> m = 2 K{Z l oF„ {l) , l,meN (5.1) 

is fulfilled for every (resp. the given) map x. 
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A special case of definition ^Tl] is the condition ( |2.9| ) for consistency 
with a bundle binary operation (in particular, a bundle metric), which is 
obtained from it for: £1 = {E,ir,B) x (E,tt,B), £2 = (M, ttq, mo) with a 
fixed m G M, 7r : M — > {mo}, = /3 X with x £ B, f : B x B ^ {mo}, 
"K^m = x K^ m , and 2 tf£~ = ufo. 

Let, in accordance with theorem [O] (cf. [?, theorem 3.1]), there be chosen 
sets Qi and Q2 and one-to-one maps h F* h : ir^ 1 (nh(lh)) — ► Q/d ^ = 1,2, 
which are associated, respectively, with the maps xh ■ Nh — > Bh, lh G 
Nh, h = 1, 2 and are such that (cf. (^ 

/ifc^h _ ( h V K h \ 1 „ /it?*-/! 



= J mft G N >» h= h 2 - (5 - 2) 

Proposition 5.1 The bundle morphism (F, f) and the pair ( K, 2 K) of tran- 
sports along maps, which are given by ( [5. by means of the maps X F and 
2 F , are consistent (resp. along a map x) iff there exists a map 

C (x,/ox) :Qi ^Q 2 , (5.3) 

such that 

F„ {1) = ( 2 f/°~) ' o C (x, / ox) o , (5.4) 
or, equivalently, that 

F„ {1) = 2 K( o Z m ° C(l ; x, / o x) o (5.5) 
where lo £ N is arbitrary and 

C{h; x, / o x) := ( 2 F^) ~* o C (x, / o x ) o (^) (5.6) 

/or every (resp. the given) map x. 

Let there be given two fibre bundles £^ = (Eh,Wh, Bh), h = 1,2. We 
define the fibre bundle £0 = (Bo, ttq,Bi) of bundle morphisms from £1 onto 
£2 in the following way: 

Eq := {(F h ,f): F bl : ^\b x ) - ^(/(fti)), 61 G Bi, / : Bi - B 2 }, (5.7) 
7r ((F 6l) /)) :=bi, (F bl J)eE , h e B v (5.8) 

It is clear that every section (F, f) G Sec(£o) is a bundle morphism from 
£1 into £ 2 and vice versa, every bundle morphism from £1 onto £2 is a section 
of £o- (Thus a bundle structure in the set Morf (£1, £2) of bundle morphisms 
from £1 on £ 2 is introduced.) 

If in £0 a transport K along the maps in B\ is given, then, according 
to definition |2T2| (see eq. ( |2.6j )), the bundle morphism (F, f) G Sec(£o) is 
(-ff-)transported along x : N — ► B\ if 

(F« {m) ,f) = K^F^J), l,m€N. (5.9) 



12 



Given in £1 and £2 the respective transports K and 2 K along the maps 
in B\ and Bi respectively. They generate in £0 a 'natural' transport °K 
along the maps in B\. The action of this transport along h : N — > B\ on 
(F^i), /) £ ^o" (^(0) f° r a fixed I E N and arbitrary m E N is defined by 

°K^ m (F„ w , f) := (V/^ o F„ (J) o X^/, /) 6 ^("M). (5.10) 

Lemma 5.1 If (F, f) € Sec(£o)> i/ien f [5. i| j is equivalent to 

(F« {m) ,f)=°K?_ tm (F 3t{l) J), l,m E M. (5.11) 

Proposition 5.2 The bundle morphism (F, f) and the pair 2 iT) of tran- 
sports along maps are consistent (resp. along the map k) if and only if (F, f) 
is transported along every (resp. the given) map x with the help of the de- 
fined from ( K, 2 K) in £0 transport along maps °K. 



6 Concluding discussion 



(1) The substitution of (U) into (|^) gives 

K,*)^y) = {^y 1 ° C «-» ° ™ = DUy W) (6-1) 

where (cf. Q) 

C a % := {C^y 1 o C2 : Q G - Qg, Dl^ := (D^)' 1 o D% : Q H — > Q H 

(6.2) 

are 'transport like' maps. From them transports along the identity map 
in corresponding fibre bundles can be constructed. For instance, for Dl^y 
this can be done as follows. Consider the fibre bundle (M x Qh,t^i,M) 
with 7Ti(x,q) := x, (x,q) E M x Qh- Hence 7rj~ 1 (j;) = {x} x Qh- Defining 
P x : {x} xQ H -» Q H by P x (x, q) := q, we see that D%_> y := P y l oD^ y oP x 
is a transport along idu in (Af x Qh,tti, M). It depends on 77 as on a 
parameter. Consequently, we can write 

This decomposition is important when P" 1 o X H2 is independent of 
x E M. Such a situation is realized in the special case when B = A' x 
M' and 77 = rj x 77" with 77' : A -> A' and 77" : M -> M', i.e. for 
(some) transports along 77' x 77" in (E,7r,A' x M'). According to exam- 
ple [O] the fibre bundle (E, it, A' x M') is equivalent to the family {£ a / : 
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L' = (E a i,ir a i,M'), E a , = {J x 'eM /7T 1 ( a '> x ')> ^a'{u) = x', for u £ 
ir^ 1 (a' , x'), a' £ A'}. Let £o = (Eo, ttq, M') be any fibre bundle for which 
there exist bundle morphisms (h a i,id,M') from £ > into £q, i.e. h a > : E a i — > E 
and 7r a / = ttq o h a /, a £ A' . (The existence of £o and ^a' is a consequence 
from the fact that the fibres of all the defined bundles are homeomorphic; 
e.g. one may put £o = 6/ f° r some fixed b' £ A' .) 

If °K x _+ y is any transport along x" in £q> then a simple calculation shows 
that 

defines a transport along k x V in (E, tt, A' x M'). The opposite statement 
is, generally, not valid, i.e. not for every transport along x' x V in the fibre 
bundle (E,tt,A' x M') there exists a decomposition like (|6.4|). 



(2) In vector bundles, such as the tensor bundles over a differen- 
tiable manifold, sometimes the problem arises of comparing or performing 
some operations with vectors from different fibres, or speaking more freely, 
with vectors (defined) at different points. A way for approaching such prob- 
lems is the following one. 

Let the fibre bundle {E, tt, B) be endowed with (maybe linear) transport 
K° along the identity map of B and, e.g., a binary operation (3 , j3 : x i— » (3 X : 
7r _1 (x) x 7r _1 (x) —s- Q x for some sets Q x , x £ B. The problem is to extend 
the operation f3 on sets like 7r _1 (y) x 7r _1 (z), y,z £ B. A possible solution 
is to replace (3 with {f3 x } for some maps: 

Px '■ (V' z ) ^ Px' Z '■ K~ l {y) x 7r _1 (z) Q x , 

where 

0%'* ■= Px o [K°_ x x K^ x ) . (6.5) 

For instance, if Q x = tt~ 1 (x) and (E,tt,B) is a vector bundle one can 
define in this way the linear combination of vectors from different fibres by 
the equality 

(Ait + \iv) x := XKy_ ix u + fiK^ x v , A,/i£C, u£ir~ 1 (y), v£ir~ 1 (z). 

It depends on x as on a parameter. If K° is linear, then (Xu + fJLv) x " = 
K%^ x ,,(\u + nv) x ,, x',x" £ B. 

Also in this way can be introduced different kinds of integrations of the 
sections of (E, tt, B) if on Q x corresponding measures are defined. Viz. if 
dji x is a measure on Q x and a £ Sec(E, tt, B), the integral of a over a set 

V C S is defined as J (•fy-^f (y)) ^Mx- This procedure is especially useful 
v 

in tensor bundles in which there are different possibilities depending on the 
understanding of the product of the integrand with the measure, e.g. it can 
be a tensor product that may be combined with some contraction(s) too. 
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The situation is important when (E, tt, B) is endowed with a transport 
along maps of a given kind, i.e. along x G IC, where /C is a certain set of 
maps onto B. A typical example of such a set is the set of all paths on B, 
i.e. {7 : 7 :J^B, JCK). 

Let for some x G B there be a neighborhood U 3 x in B with the 
property that for any y G U there are a unique map x y : N y B, Xy G K, 
and a set M y C N y such that x y | M : M y — > f7, u y \ M (m x ) = x, and 
Xy \ M (my) = y for some m x ,m y G M y . A well-known example of this kind 
is the case of geodesic paths (curves) on a differentiable manifold endowed 
with an affine connection [?, ?]. 

In such a neighborhood U one can repeat the above discussion (of the 
flat case) with the only change that Ky_> x has to be replaced with Km y -^m x - 

The use of transports along the maps Hy has the disadvantage that the 
result depends on x y , but as they are unique in the above sense this is 
insignificant. If the fibre bundle admits some 'natural' family of such maps, 
as the above-pointed case of geodesic curves, the question of this uniqueness 
does not arise at all. If the set of maps with the considered property does 
not exists or is not unique, then the pointed procedure does not exists or is 
not unique and, consequently, one gets nothing or not a 'reasonable' result, 
respectively. 

(3) The class of Hermitian (resp. real) metrics on a complex (resp. 
real) differentiable manifold M turns out to be in one-to-one correspondence 
with the class of flat linear transports in the tensor bundle of rank 1 over it 
(see example |3.2| ). Below is presented the proof of this statement. 
The tensor bundle of rank 1 over M is 

(rl(M) U 2?(M),7n, {(1, 0), (0, 1)} x M) 

with 7Ti (k) = ({p, q),x) for u G Tq \ x (M), p + q = 1. According to proposi- 
tion |0| there are the following four kinds of transports along id{(i o) i (o,i)}x7\/ : 

F- 1 oF x = Gy 1 oG x , (6.6) 
*F y ~ 1 o *F X = *G~ 1 o *G X , (6.7) 
*F~ 1 o F x = *G y 1 o tT 1 oCoG x , (6.8) 
F- x o*F x = G- 1 oCo*Co*G x . (6.9) 

Here, for brevity, we have put: F x := F(( li0 ) >x ) = C o G x , *F X := Ffa^^ = 
*C o *G X , G x := C^G- *G X := ^G x , '6 := C^, *C := C^ iy 'where 
the dots (...) stand for ^{(i^j^o.iJjxM- These maps act between vector 
spaces and are linear because of the linearity of the considered transports. 



_ t^{(1,0),(0,1)}xM _ 

-~ ^((l,0),aO-K(l,0),i,) ~ 

* _ T id {(l,0),(0,l)}xM _ 

-~ ^((0,l),*)-*((0,l),tf) ~ 

1,0 r * d {(l,0),(0,l)}xM _ 

'*-*v -~ ^((1,0),*)->((0,1),V) ~ 

0,1 r*<*{(l,0),(0,l)}XAf _ 

x-*y — i7 ((0,l),*)- > ((l,0),y) ~ 
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Let in all vector spaces, as well as in the fibres T X (M) := Tg | (M) and 
T*(M) := T®\ (M), x G M, some bases be fixed in which the matrix of a 

map X £{F X , *F X , G x , *G X , C, *C, L x t x } will be written as [X]. 

A (fibre) Hermitian (resp. real) metric on M is g : x h- > g x , x G M. 
Here g x : T X (M) x T X (M) — » C (resp. R) are l| linear (resp. bilinear), 
nondegenerate, and Hermitian (resp. symmetric) maps [?]. Let in the above 
bases the matrix of g x be G(x); we have detG(x) 7^ and G'(x) = G(x) 
(resp. G T (x) = G(x) as in the real case G^ = G T ), where f (resp. T) 
means Hermitian conjugation (resp. transposition), i.e. transposition plus 
complex conjugation (denoted by a bar). Because of this there is a unitary 
(resp. orthogonal) matrix D(x), i.e. = D^ 1 (resp. D T = D~ r ), such 
that G{x) = D^(x)G PA D(x) with G p<q := diag(+l, . . . ,+1, -1, . , -1 ) for 

p— times q— times 

some unique p,q G N|J{0}, p + q = dimM [?]. 

Now the idea is to interpret the maps ( |6.8| ) for y = x as metrics. 
In fact, if for u,v G T X (M) we put g x (u,v) := (g x (u, -))v with 

g x (u,-):=Ll^ x ueT*(M), (6.10) 

we find G(x) = \*F X ]~ [F x ]. This matrix will be Hermitian if, e.g., we choose 
f*^]- 1 = [F x ]t, i.e. *F X 1 = F x f , which leads to {L x ^ x f = L* x _ x . In 
particular, we can choose *C~ l = and = G x . For this selection the 
maps ( |6.10D form a Hermitian metric on M. 

Conversely, let there be given an arbitrary Hermitian metric g with 
G{x) = (x)Gp. q D(x), D* = D. Take some constant unitary matrix A 
(At = A- 1 ) and any C for which [C]t[C] = Ate^A Let us define [*C] := 
([C]t) _1 . Putting = AtD(x), from £)t = D we get [G a ]t = [C]" 1 . 
At last, define in a fixed basis = [Gx] (*G a 7 1 = Gj). Thus we have 

constructed a transport along £d{(i j o),(o,l)}xM with [i^] = [C]A^Z)(rc) and 
[*F X ] = ([G]t) _1 AtL>(x). In particular, we have [L x t y ] = D\y)G PA D{x), 
SO that |Xa£-+a;] = G(x). 

In this way we have proved 

Theorem 6.1 The class of Hermitian metrics on a differentiable manifold 
is in one-to-one correspondence with the class of transports along the identity 
map in the tensor bundle of rank 1 over that manifold which have decom- 
positions like (6.6)-(6.£>) in which *C -1 and *G~ 1 (and, hence, *F~ 1 ) are 



Hermitian conjugate to C and G x (and F) respectively. 



(4) The probl ems concerning linear transports along maps in the 
tensor bundles over a differentiable manifold can be investigated in the same 
way as in [?, Sect. 3] in which the text before proposition 3.3 remains true 
mutatis mutandis in the considered in the present paper general case. 
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(5) At the end we want to pay attention to tensor densities. Usu- 
ally [?], a tensor density (field) is denned as a quantity which is locally 
represented by a set of numbers (resp. functions) with a suitable transfor- 
mation law. Our equivalent view is that the tensor densities (density fields) 
are tensors (resp. tensor fields) that appropriately depend on one fixed basis 
in the corresponding tensor space and which are referred to modified (with 
respect to the tensors) bases. 

Let M be a differentiable manifold and a basis {qE^(x)} be fixed in 
Tq\ x (M), and {iE^(x)} be an arbitrary basis in it. Here A and B stand for 
the corresponding multiindeces (e.g. A = (ai, . . . ,a p ), B = . . . , (3 P ), 
ai,...,(3 p = l,...,dimM). We define a tensor density (field) of type 
(p,q) and weight w € M. (with respect to {qE^(x)}) as a tensor (field) 
qT'(x) G Tq | (M) whose local components g T^ix) are referred to bases like 
{\}^E(x)\ w iE^(x)}, where 1^(^)1 is the Jacobian between the above bases, 



i.e. |jE(s)| := det (fflx)), jE(x) := dx[/dx J 



So, we have 



%T(x)=%T ] *(x)\ 1 E(xT 1 El (6.11) 

It is easy to verify that the components of the so defined tensor densities 
have the accepted transformation law [?, ch. II, Sect. 8]. Consequently, the 
both definitions are equivalent. 

We shall mention only two features of the tensor-density case. 

(i) There exists a class of transports along maps like r\ : R x N — > M, 
i.e. KV n , n, v.w € M., l.m G N, which map tensor densities of weight 
v at one point into such of weight w at another point. For these transports 
the results of Sect. || are valid, in particular, for N = M and r\ = id^ X M we 
have the case considered in example |3.1| (with A = M). 

(ii) Of course, one can differentiate a tensor-density field as tensor field 
using ( |6.11 ), but this operation does not lead directly to what one expects. 



In fact, applying Q, one finds 



(ff^WO)) + aT c D A B (l; x) (o^fMO)) 



ise(x(o)r x 



x 1 ^(x(Z))+^T(x(0)(|^(x(0)| W ^|^(x(0)r). (6.12) 



The term in parentheses in the last term is equal to w-r^L In IqE'(x(Z))| which, 
due to (|4.8|), can be written as 



-™ x) - °r-(/ ; x)) = + W (ir««(i; x) - X a (*; x), ) , 

where the points in the gamma's stand instead of the absent indices. 

Here and above x) are the components of V in the basis {iE^}, 

V? a (E*) = 1 a r c D A B (l-,x) 1 Eg(x(l)), 
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and ° a T- := ° a T- \ iE a =oE a . So, if we put P a (I; x) := l a T a a {l; x), P+(l 
lr a a (l; x), and °P±(Z; x) := P±(Z; x)| iE a =oE ^ , we get 



vr«Q}T) ± w (°P±(l;x)) (ffr(x(0)) = (^W0))+Mi(i;x) x 
x (-Tf (x(/))) ±wP±(1;k) $Tg{K{l)))] |jE(x(0)ri^K0). (6.13) 



Thus the operator ( |4.3| ) when applied on tensor density fields produces, 
of course, tensor fields which, generally, are not tensor density fields as 
by ( |6.12| ) their components with respect to the corresponding bases depend 
on them in a way different from that of tensor densities. On the contrary, 
the right-hand-side of ( 6.13; ) is a tensor density field whose components, 



following [?, ch. V, Sect. 1], should be identified with those of the a-th 
partial (plus or minus) derivation along the map x of the initial tensor 
density field; the components of this derivation being defined by the r.h.s. 



of (|6.13|) . 

It can be proved that when x is a path and the transport along it is a 
parallel transport assigned to a covariant differentiation (linear connection) 
(see [?, p. 19]), the components of the r.h.s. of fl6.13|) coincide with the 
covariant differentiation along the tangent to the path vector field of the 
initial tensor density field (see [?, ch. V, Sect. 1]). 

In the special case when T a a = we have P~ = —P + , i.e. the defined 
derivation is unique. 

The appropriate approach to the derivation of tensor density fields is 
based on transports of tensor densities mentioned in (i) and the general 
theory of Sect. ||[ but this will be done elsewhere. 
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